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In this paper we consider an initial andboundary value problem (with conser- 
vative boundary conditions) for anonlinear hyperbolic system. For such aproblem, 
which we state precisely in Section 2,we give a uniqueness theorem for weak 
solutions i  class Lp. The electromagnetic Maxwell equations a dthe equations f 
nonlinear lasticity are special cases of the system under consideration. @ 1988 
Academic Press, Inc. 
1. INTRODUCTION 
In [6] a uniqueness theorem has been given in the class of essentially 
bounded measurable functions for an initial-boundary valueproblem 
related to the nonlinear hyperbolic system 
$z(u)+BiU.,=f on D = Q x (0, T), (1) 
where u=(u’,..., urn) andf=(f’,..., f”) are real-valued m-vector functions 
of variables (x,t) =(xi, .. x,, t)~l2 x (0, T) = D, where 52 is an open 
bounded set in R” with smooth boundary and TE 10, + ccc. The real 
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m-vector function a(u) =(a’(u), . . am(u)) is of class C2(lRm) and satisfies 
suitable conditions. ’ 
The equations of nonlinear lasticity may be written 
where (ui ,v2, u3) is the local velocity, S, is the Piola-Kirchhoff stress 
tensor, and Fhk is the strain tensor. System (II) can be written i the 
form (I) for the variables (see [2]) 
u= (SHY 2s12,2s,3, S22,2&,, &,Ul, 02, Q). 
The electromagnetic Maxwell equations (see [2]) 
at 
(where E, H are the lectric and magnetic vectors, andD, B are the lectric 
and magnetic nduction vectors) have the form (I) if we consider as
variables 
u= (E,, E,, E,, H,, H,, Hd. 
Also the acoustic equations may be written as a system (I) for 
u= (vi, v2, v3, s), where (vi, v2, v,) is the fluid velocity ands is the conden- 
sation. 
We point out that he uniqueness theorems for weak solutions f the 
Cauchy problem for symmetric nonlinear hyperbolic systems, given by 
A. E. Hurd [3], E. D. Conway [ 11, and other authors, are also btained in 
the class of essentially bounded measurable functions. Nevertheless the 
assumption that uis essentially bounded seems a. very restrictive ondition 
1 The assumptions onn(u) in [6] are 
(i) ad/ad = ad/ad for all i, j= 1, . . . m. 
(ii) There exist c,, CUE IW+ such that 
cl 111* f (adiauq n,kjz,c cl IAl2 for all I, EIw”, 
where summation over repeated indices i understood (here as always in the paper) 
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in order to ascertain theexistence of the solution. Thus in this paper we 
shall give auniqueness theorem for the initial-boundary value problem (I) 
in the class Lpunder some assumptions  a(u). 
2. STATEMENT OF THE PROBLEM 
We consider the problem: 
; a(u) + P-g =f on D = 52 x (0, T), 
I 
u(x, 0) = h(x) for XEQ, (2) 
Puv, = 0 on 6X2 x[0, T]. (3) 
We make the following assumptions  a(u)‘: 
(a) Each a’ belongs to C2(R’) and is required tosatisfy 
ad 
1 I 
auj <k(lUlp-2+ 1)
for some p > 2, k > 0 and all uE W”, j = 1, 2, . . m. 
(b) aai/aui = aai/aui forall i, j= 1,2, .. m. 
(c) There xists a > 0 such that 
Each B’ (i= 1, 2, . . n) is a real-valued m x m symmetric matrix with con- 
stant elements b& and in addition we suppose constant on 852 the rank of 
matrix @v,(x), where v(x) = (v,(x), . . v,(x)) isthe outward normal to XL 
Each ri (i = 1, . . n) is a triangular matrix with elements 
bi 
aS for a> /?, 
yi - M - 
Lb’ 
* aB for a = /?, 
0 for a<p. 
2 When a(u)(x, f)=A(x, t) u(x, r) and the matrix A(x, I), symmetric and strictly defined 
positive, hasnonregular elements, existence anduniqueness of weak solutions f mixed 
problem (l)-(3) in L2 space have been studied [7]. For a general theory of existence of weak 
solutions f hyperbolic m xed problems for tirst order linear systems with regular coefficients 
we refer to[4] for the uniformly characteristic ca e andto [S] for the noncharacteristic case. 
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In order for condition (3)and the condition 
‘(I+) uvi =0 (3’) 
(where ‘(ri) is the transposed of f’) to be locally conservative boundary 
conditions (see [6, 7, 8]), we make the following 
ASSUMPTION. There xists a partitioning {P, Q} of the set { 1, 2, ,,., m} 
such that &vi=0 for UEP, 1 <P<rn, for /IEQ, 1dct<m. 
For system (II) condition (3) becomes S,vj =0; i.e., the normal com- 
ponent of the stress tensor vanishes on 852. The dual condition (3’) implies 
vi =0 (i = 1, 2, 3), i.e., the condition f ra fixed boundary. 
For system (III) conditions (3)and (3’) on c%.J become: 
Exv=O (perfect lectrical conductor boundary) 
Hxv=O (perfect magnetic conductor boundary). 
Let us consider the operator r and its dual I+ defined formally for 
4~ CW) by 
and then extended toL*(0) in the usual way. As in [7] we now define the 
spaces 
L*(r$2)= {uEL*(lq 1ruEL*(Lq}, 
L*(r+; 52) = (24 EL2(51) ) r+ue P(Q)}, 
L*(r, r+;Q)= {UEJP(Q) 1ruEL*(Q), r+uEL*(Q)}, 
L,(r;SZ)=P(r;L+-l 
for all 4f L*(f +, Q), 
for all fj EL*(C 52). 
Finally, etA,, A,-+, .Y? denote the spaces 
A,=L2(r,r+;52)nL~(T;51), 
A r+ = L*(r, I-f; Q) n l$r+; Q), 
X(D) = (4~ H’**(O, T; L*(Q); tj, E Lp(O, T; Lp(sZ))). 
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In the weak statement of our problem the boundary conditions (3)and (3’) 
are replaced by 
UEAI-, (4) 
and respectively by 
ucAr+. 
We can now state he definition of weak solution U: 
(4’) 
DEFINITION. Let f E L’(D), hE L 2(p-‘)(Q), p 3 2. A function u ELp(D) is 
said to be a weak solution f(l)-(3) provided 
for all q5 EZ(D) n L*(O, T; A,+) such that 4(x, T) = 0.3 
3. A UNIQUENESS THEOREM 
If U, , u2 E Lp(D) we have for almost every (x, t) ED 
a’(u2(x, t)) - aitaltx, t)) 
= 
f, (4(x, t) - 4(x, 2)) I,’ $ a’(ru, + (1 - 7) U2) dt. 
Now we denote by L&‘(x, t)=&(u,(x, t), u,(x, t)) the m xm matrix with 
elements 
qu, 3 u2) = I 
1 a 
y a’(zu, + (1 - z) u2) dz, 
0 au’ (6) 
and we consider the space 
3 Because UEL!(D) and n(u) satisfies (a),the integral jD (a(u), 4 ) dx dr is we11 defined 
for all (,E L’(O, T; Lo(Q)). Likewise, if heL 2(p--1)(Q), the function (a(h(u)), ((x, 0)) is 
integrable in Q for all 4E L2(Q). 
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LEMMA. &,,qj (D) with the norm defined by
is a Banach space. Furthermore iful, u2 E LP(D) with p> 2 then Y?(D) is 
dense in %&,,,2,(D). 
Proof Using the assumptions (b)and (c) in Section 2 we see that he 
matrix d is symmetric and strictly positively defined; that is we have 
aii =aji for all i, j= 1, . . m, and there exists r > 0 such that aiiAiAj > r2 liAi 
for all IE UP. Therefore, Y&+ ,(D) is a linear subspace ofthe Hilbert space 
fP(0, T; L2(52)). 
In order to show that for p3 2, X(D) is dense in TZ&,,~~)(D), we point 
out that if cp belongs to J&,,~~) (D), then rp EH1v2(0, r; L*(Q)) and 
d1’*q,~L2(D). Moreover, there exists a equence {$,} ELp(D) such that 
$,, <SX? r/*p and 
1111/n-~ ;l:,,,,,(Prll L2(D) + 0
or, equivalently, 
11~1’2(~1~ u2)(~-1’2(% u2) tin-(P,)llL2(D)-+0. 
(7) 
(7’) 
The matrix d - ‘I2 is bounded because ofthe strict positivity of d. We take 
$ = &‘/*c#,, from which 
cp(x, t)=1; SJ - 1’2( ZJ,( x, ~1, u2(x, z)) Icl(x, ~1 dr+ cp(x, 01, 
(PAX, t) =i‘d d - l’*( u I( x, z), u2(x, 7)) $,(x, z) dr + cp(x, 0), 
and then we have 
(Pn~(P, (P&T t) + cp(x, t) a.e. onD, cp EL2(D) 
from which it follows that 
II% -dIL2(D, + 0. 63) 
By (8) and (7’)((7’) is the same as II&‘/2(rp,,- ~ ~)ll~~~~, +O) we have 
II% -cp II q”,,“*)(D) + 0. 
THEOREM. Let f e L’(D), hE L2’p- ‘), p2 2; moreover, let us assume that 
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the function a E C’( W”) satisfies th  conditions (ah(c) given in Section 2 and 
the further assumption of convexity 
a2ai -2.A.20 
adauk ’J (9) 
for all I. EIF” and for all k = 1, ,,, m.4 Then problems (l)-(3) have, at the 
most, once weak solution n the class ofall uE Lp(D) satisfying the condition 
d(x, t+ h) - u’(x, t)
h > -k(t) (10) 
for some kEL’([O, T]; R+) andfor all i= 1, . . m. 
Proof Let ur , u2 be weak solutions f (l)-(3) satisfying the condition 
(10). We shall show that 
I (u2-ul,g)dxdt=O for all gE C,“(D), (11) D 
from which follows u2(x, t)= u,(x, t)for almost every (x, t) E D. From the 
definition of the weak solution we have 
I {(4u2)-4u,), cp,>+ <u2-u1, B’cp,)l dxdt=O (12) D 
for all cp E&‘(D) n L2(0, T; dr+) with q(T) =0 in L2(s2). Using the 
notations i troduced at the beginning of this number, we obtain from (12) 
by elementary calculations (see[3]) 
s 
(u,-u,,dq,+B’cp,,)dxdt=O (13) 
D 
for all cp mentioned above. Now we shall prove that he equality (12) is 
true for all cp EJ&,,JD)~L~(O, T;A,+). Because A?(D) is dense in 
J+&,,,,,(D), for any fixed (PE&,,JD)~ L’(O, T; A.+) there xists a 
sequence {cp,} s S(D) n L’(0, T; A,+) convergent to cp in the &,,,u2j- 
norm. By replacing p in (13) by the general term of the sequence { qDn} we 
obtain, asn + 00, 
4 In the scalar case (m = 1) an example of a function a E Cz( Rm) satisfying the prescribed 
conditions is given by a: R -+ R with 
a(u) =
u’+u for UkO 
u for u<O. 
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and this equality holds for all (PE S&,,,,,(D)n L2(0, T; A,-+) with 
qqx, T)=O. 
Now we shall prove that for any arbitrarily chosen gE CT(D) there 
exists a function cp E~U,,uz~ (D)n L2(0, T; A,-+ ) such that 
d(u,(x, t), %(X, t)) (Pt(x, t) +%?Jx, t) =A-% t) 
and 
for a.e. (x, t) ED 
(14) 
cp( T) = 0. (15) 
For such asituation we consider the following auxiliary p oblem, with 
4x3 t) =4u,(x, t), 4(x, t)): 
(@wt+Wx,=g, on D, (16) 
Icl(x, T) =0 on 52, (17) 
‘(P) uvi =0 on ~352 x [O, T]. (18) 
It has been shown in [7] that, under the assumptions  Q, X2, and B’ 
given in the Introduction, the linear problem (16)-(18) admits weak 
L2-solution with finite energy, namely there xists a 1+9 ~3(D)n 
L2(0, T; A,+) satisfying (16)a.e. on D and (17), provided the following 
conditions are atisfied: 
(i) the matrix d is symmetric and strictly positive 
(ii) there exists ~EL’([O, T]; lR+) such that 
a.e. on D. 
Now (i) follows immediately from definition (6)of d and from the 
assumption that he function a(u) satisfies (b) and (c). In order to show 
that (ii) salso satisfied, we observe that for all i, j= 1, . . m, we have 
Q(u~(x, t +h), u,(x, t+ h)) -a&u,(x, t), u (x, t)) 
h 
= ; {a&,(x, t +h), 24x, t + h)) -q(u,(x, t), 242(x, t+ W} 
+ ; b&,(x, 11, u (x, t + h)) -av(u,(x, t)4x, t))} 
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1’8 i =- 
Ii 
h o 3--#2(7u*(X,t+h)+(1-7)U*(X,f+h)) 
--$~‘(ru,(x,r)+(l-r)u,(x,t+h)) dz 
I 
+;j~{&pi(7u,cx,i)+(l-7)u*(x,r+h)) 
- & a’(tu,(x, t) + (1 - 7) u2(x, t)) 
m 
dz = 1 
uf(x, I+ h) - 24:(x, t)
k=l 
h 
I 
1 a* 
X 7 k a’(7u,(x, t) + (1 - 7) uz(x, t+ h)) o au/au 
+$,t[u,(x, t+h)-u,(x, t)])dr+ f u’(x’ ‘+h;-u’(x’ ‘) 
k=l 
x 
s 
; (l-7)& 4724,(x, t) + (1 - 7) 24,(x, t)) 
+ Ml - 7)Cu,(x, t + h) - uz(x, t)l) 6 
O<9,=9i(x,t,h)<1, i= 1, 2. 
Then by (10) and (9) we obtain 
for a.e. (x, t) ED. 
Therefore thproblem (16b( 18) has a weak solution rl/. Lemma 3.2 of [7] 
enables u to say that he function cp defined by
belongs to the space qU,,Uzj (D) n L*(O, T; A,+) and satisfies (14) and 
ip(T)=O. 
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